We have implemented the effect of dynamical core-hole screening into a first principles electronic structure computational scheme. The method has been applied to the x-ray absorption spectrum of the carbon K-edge for graphite, fullerene C 60 molecules, and single-wall carbon nanotubes. We demonstrate that a theory that includes dynamic core-hole screening improves drastically the description of the experimental data in comparison with both initial-and final-state calculations. Most of the experimentally observed spectral features are well described by our theory, both regarding the position, shape, and relative intensity of the peaks.
I. INTRODUCTION
A. General background X-ray absorption ͑XA͒ spectroscopy has been an active field of research for several decades, both experimentally and theoretically. [1] [2] [3] A theoretical interpretation of the experimental observations is still an unsolved problem. The reason is that XA spectroscopy involves very complicated dynamical many-body processes. 1, 4 Model calculations have been used successfully to gain qualitative understanding of the XA process in the framework of the Mahan-Nozières-De Dominicis ͑MND͒ theory of the dynamical core-hole screening ͑see, e.g., Refs. 4-6͒. In particular, we mention the work of Privalov et al. 7 , who reduce the MND equation to a set of linear algebraic equations, and applied this to a onedimensional tight-binding model. In order to obtain quantitative information, the XA spectra have often been compared to first-principles calculations ͑that are based on density functional theory, DFT͒, both in the initial-and final-state configuration, 8 although it should be noted that the KohnSham eigenvalues, strictly speaking, do not represent dynamical quasiparticle states visible in the spectroscopy. For many materials this approach has limitations, not least due to correlation effects which are not normally taken into account in a standard first-principles electronic structure theory. 2, 9 Nevertheless, sometimes the agreement between the firstprinciples theory and experiment is good, 10 and we note in particular that the optical conductivity of graphite is reproduced with great accuracy using DFT. 11 This means that in this case the Kohn-Sham eigenvalues are rather close to the quasiparticle energies. The fact that so many properties of graphite, C 60 , and nanotubes are well described using DFT [12] [13] [14] [15] [16] [17] [18] motivates using this as a starting point for a calculation of the x-ray absorption spectrum. In order to incorporate dynamical core-hole screening in an element-specific theory we have previously combined the MND theory with ab initio electronic structure calculations and some results have been published by us preliminarily in Ref. 19 . Here we present a full account of our development of a realistic multiband case of the MND theory.
Quite often the XA spectrum is interpreted in terms of either the initial-state density of states ͑without core hole͒ or the final-state density of states ͑with core hole͒. The first approach assumes that the interaction of the x-ray photon with the electronic subsystem is very fast in comparison with any typical processes in the latter ͑such as the electron hopping͒. The second approach assumes that the photon-electron interaction is adiabatic so that the system transfers from an "old" ground state into the new one. The MND theory considers the creation of the core hole as an instant process but takes into account the real dynamics of the response of the electronic subsystem. As a result, many-body effects due to correlations of electrons with the core hole are included in this theory, and it is in principle better than the initial-state spectra or the final-state spectra. We exemplify our theoretical development with three materials, graphite, C 60 , and carbon nanotubes. We have chosen these three systems since a lot of attention has been paid to them experimentally, and as will be shown here standard electronic structure theory fail in describing their x-ray absorption spectra.
B. XA spectra for graphite, C 60 , and carbon nanotubes:
Formulation of the problem
As mentioned above, the electronic structure of graphite has attracted attention during a long period and therefore graphite can be considered as one of the basic model systems for core-level spectroscopy. More recently the efforts in trying to understand the electronic properties of different forms of carbon have been intensified enormously due to the discovery of the fullerene C 60 molecule 20 and the carbon nanotubes. 21 Much attention has been drawn to experiments using the x-ray absorption spectroscopy ͑XAS͒ probe on graphite, 22, 23 C 60 ͑Refs. 24-27͒ and single-wall carbon nanotubes ͑SWCNTs͒, 28, 29 and it is clear now that a theoretical interpretation of these data is a difficult problem.
The electronic structure of graphite has also been carefully calculated and analyzed in great detail in Refs. 11, [30] [31] [32] [33] . It was found that the XA spectrum of graphite can be inter-preted as a * contribution from p z orbitals and a * contribution from sp 2 hybrid orbitals, 22, 23 both of them having mostly excitonic character. 34 A first-principles study 35 demonstrated that the * component of the XA spectrum was reproduced when a core hole was simulated by electronic structure calculations for a nitrogen impurity in a supercell of carbon atoms, in an attempt to simulate the final state of the XA process. The final-state calculation also reproduced accurately the low-energy component of the * peak, called 1 * in Ref. 34 . The high-energy part of the * peak, 2 * , was not reproduced at all. This approach was also less successful in reproducing the relative intensity of the * and 1 * peaks. It should also be noted that although the peak position and line shape of the * and 1 * peaks were described in the theory of Ref. 35 quite well, the relative intensity of these peaks was simply fitted to the experimental data.
Also, theoretical work using several levels of approximation has been done for C 60 . 15, [36] [37] [38] The XA spectrum of C 60 has been analyzed in terms of excitations of a 1s core electron to a * orbital. The * orbitals of the carbon atoms hybridize and group into irreducible representations of the icosahedral symmetry group. The first two observed peaks above the threshold are characterized as excitations to orbitals with t 1u and t 1g symmetry, the third peak corresponds to transitions to the nearly degenerate orbitals with t 2u and h g symmetry. 24 It has been found that in order to reach a good agreement between the XAS data and first-principles computational results it is important to consider the effect of the core hole in the absorption process. 25, 27, 36 Here we take into account the dynamical character of the interaction between the core hole and valence electrons, which in principle should improve the agreement between theory and experiment.
A single-wall carbon nanotube can be considered as a rolled up sheet of graphite. It has been found that the electronic properties of SWCNTs are strongly dependent on the chirality that is specified by the rolling direction and diameter of the tube. The chirality determines whether the tube is a semiconductor or a metal. Also, the fine structure of the density of states is changed with the chirality. 17, 18 The manufacturing and purification process of SWCNT materials have been an extremely intense field of research since their discovery. 39 Despite all efforts, large amounts of SWCNTs having exactly the same chirality has been difficult to realize. The XA measurements on SWCNTs have been done on samples with mixed chirality and its spectrum have been found to be very similar to the XA spectrum of graphite. 28 From such measurements it is difficult to obtain any information of the electronic structure for a specific chirality, and no chirality-specific theoretical analysis of the XA spectra of SWCNT systems has been done.
We have therefore carried out a detailed analysis based on the MND theory in combination with an accurate firstprinciples electronic structure method, both for graphite, C 60 , a metallic and an insulating SWCNT. As we will demonstrate, our approach describes successfully both the energy positions, spectral shapes, and intensities of the peaks in the XA spectra of these three forms of carbon.
II. COMPUTATIONAL METHOD
The original version of the MND theory is difficult to solve numerically since it requires an integration of the Green function over the whole energy axis. The approach formulated in Ref. 6 involves only the imaginary part of the Green function, which is nonzero only in a restricted energy interval which makes it easier to solve numerically. We have generalized the scheme in Ref. 6 such that it can be applied to a realistic multiband case.
Technically, the computational procedure is as follows. We make use of initial-and final-state retarded Green functions defined as g R ͑͒ = ͑ − + i␦ − H͒ −1 , and
Here is the chemical potential, ␦ is a small complex component to the argument of the Green functions, H is the Hamiltonian,
and V the core-hole potential
In the above equation a nR † and a nR are the creation and annihilation operators for an electron in an orbital at site R with orbital quantum number n, the core hole is created on the site with R = 0 and mnRR Ј is the hopping integral. The operators in Eqs. ͑1͒ and ͑2͒ are a generalization of the operators in Eq. ͑6͒ of Ref. 6 . In Ref. 6 , Eq. ͑6͒ is the interaction between a valence hole and the core electrons included and the total Hamiltonian is expressed using the creation and annihilation operators of a core hole b † and b,
͑3͒
We assume that the core electron excited in the XA process undergoes a transition to some orbital at the same absorbing atom. The electronic structure of the latter is described by the projections of the Green functions on to local orbitals m , n, as g mn R = ͗m͉g R ͉n͘ and G mn R = ͗m͉G R ͉n͘. The initial-and final-state Green functions are connected by the Slater-Koster equation
The corresponding equation for the locally projected quantities reads
͑5͒
Equation ͑4͒ can also be written as
and the corresponding equation for locally projected quantities takes the form
For a complete set of local orbitals Ṽ = 0, so that the effective potential is not energy dependent. For a nonenergy dependent effective potential the scheme in Ref. 6 can easily be generalized to the multiband case. The XAS intensity function I͑͒ is now given by the expression
where t n = E · ͗1s͉p͉n͘, E is the x-ray electric field, p is the dipole moment operator ͑to be specific, we consider the K spectrum where the core state is a 1s orbital of the C atom͒ and ⑀ c is the energy of the core state. The function ⌬͑−t͒ contains in general 6 the core-state energy shift, and the corehole finite lifetime is determined by the expression
where ͑⑀ , t͒ can be found from the matrix integral equation
‫ء͑‬ means the complex conjugation of all matrix elements͒.
III. NUMERICAL IMPLEMENTATION
The input for the MND calculation G R , g R , and V can be obtained from first-principles band theory as follows. We calculate the projections of the Bloch wave functions with the wave-vector k and the band index l onto the spherical harmonics with angular momentum numbers m centered on site a, that is, ͗k , l ͉ a , m͘ using first-principles band theory. The projections must be normalized
in order to calculate the Green function
In this expression ⑀ k,l are the energies of the Bloch state with the quantum numbers k and l. The final-state Green function is calculated using a supercell with a core hole at site a. The Green function is considered to be a function of a discrete energy variable ⑀ ͕⑀ min − ␣⌬⑀ ͉ ␣ =0,1, ... ,N͖. Such a Green function can be represented by a block vector where each element G ␣ R = G R ͑⑀ min − ␣⌬⑀͒ is a matrix with the orbital index m , n. The mesh of the energy points ͕⑀ min − ␣⌬⑀ ͉ ␣ =0,1, ... ,N͖ must cover the valence band and the broadening of the energy levels, ␦, should be larger than the distance between points in the energy mesh, ⌬⑀.
The core-hole potential can be obtained using the expression
where ͉k , lЈ͘ , ⑀ k,l Ј and ͉k , l͘ , ⑀ k,l are eigenstates and eigenenergies of the initial-state Hamiltonian, H, and the final-state Hamiltonian, H + V, respectively. The eigenstates and eigenenergies can be found by supercell calculations, with and without the core hole. The expression for the core-hole potential, V, projected on local orbital reads
where a is the site with the core hole. In practice only one calculation is needed, and V can be obtained from the expression
͑͗a 1 ,m͉k,l͗͘k,l͉a 1 ,n͘ − ͗a 2 ,m͉k,l͗͘k,l͉a 2 ,n͒͘⑀ k,l ,
͑15͒
where a 1 is an atomic site with the core hole and a 2 is an equivalent site situated sufficiently far away from the core hole. The initial-state Green function can be obtained from the expression
, which is the inverse of Eq. ͑7͒ assuming that Ṽ =0.
The function I͑⑀ , t͒ in Eq. ͑10͒ is also represented as a block vector where each element I ␣ ͑t͒ is a matrix and
The sampling theorem states that in order to sample a function the sampling frequency must be twice the maximal frequency of the function which is a restriction on the maximum value of t that can be represented using a discrete energy mesh, that is, t max = / ⌬⑀. If we represent ͑⑀ , t͒ by a block vector ␣ ͑t͒ = ͑⑀ min − ␣⌬⑀ , t͒ then Eq. ͑10͒ takes the form ͑t͒ = Ā + B ញ ͑t͒ ͑t͒. ͑17͒
In the above equation B ញ is a supermatrix where the elements B ញ ␣␤ are matrices given by the expression
The elements of the block vector Ā in Eq. ͑17͒ are unit matrices. We can now solve Eq. ͑17͒ for ͑t͒,
In order to calculate numerically the integrals in Eqs. ͑8͒ and ͑9͒ the argument of ␣ ͑t͒, i.e., t, should also be discretized. The time mesh t ͕␥⌬t ͉ ␥ =0,1,… , M͖ is chosen by the following considerations. If we represent the integral ͐͑d⑀ / ͒e −it⑀ in Eq. ͑8͒ as a discrete Fourier transform over the energy interval ⑀ min − ͑⑀ min + N⌬⑀͒, it is natural to represent the integral ͐dte it as an inverse discrete Fourier transform. This implies that the distance between points in the time mesh is related to the distance between points in the energy mesh by the expression ⌬t =2 / ͓͑N +1͒⌬⑀͔.
We can now calculate numerically the XAS intensity function using a discrete version of Eq. ͑8͒,
͑20͒
The first sum in the above expression is a sum over the time mesh, this sum is truncated at t max since higher values of t cannot be represented within the resolution of the energy mesh. The function ⌬͑−␥⌬t͒ in Eq. ͑20͒ is calculated numerically using the expression
and ⑀ c is used as a fitting parameter since the core electrons are considered using a pseudopotential.
IV. FIRST-PRINCIPLES CALCULATIONS
In order to evaluate the material-specific quantities of graphite, C 60 , and the carbon nanotubes, according to Eqs. ͑8͒-͑10͒, we have performed first-principles calculations based on the plane-wave VASP code 40 within the projector augmented wave ͑PAW͒ 41 method. The exchange-correlation energy was described by the Ceperley and Alder functional 42 parametrized by Perdew and Zunger. 43 We note that the particular form of the functional used does not influence the electronic structure of the materials studied here, or materials in general. As an example we note that we obtain a very similar ground state electronic structure here as the one presented in Ref. 11 , where the Hedin-Lundqvist functional was used. The Monkhorst-Pack scheme 44 was applied to generate special k-points. For the case of graphite we used a supercell with 144 carbon atoms arranged in two graphite layers and a 5 ϫ 5 ϫ 1 k-point mesh. For the case of C 60 a simple cubic supercell with 60 carbon atoms arranged in the fullerene structure and a 2 ϫ 2 ϫ 2 k-point mesh were used. Calculations were made for two types of SWCNTs with a diameter of ϳ12 Å, one predicted to be metallic and one predicted to be a narrow band semiconductor. 28 Using the notation of Ref. 18 the chirality for the tubes were ͑9,9͒ and ͑15,0͒, respectively. For the metallic nanotube a tetragonal supercell of 72 atoms and a 1 ϫ 1 ϫ 2 k-point mesh was used. For the semiconducting nanotube a 60 atom tetragonal supercell and a 1ϫ 1 ϫ 2 k-point mesh was used. Since graphite, C 60 , and SWCNTs are open structures, special care was taken to converge the calculation with respect to plane-wave energy cutoff. In all calculations a 400 eV kinetic energy cutoff was used for the plane waves in the basis set. Since the radius of the 1s state is much smaller than that of 2p, effectively the action of the core hole on the valence band is equivalent to the change of the nuclei charge Z by Z + 1 for one atom in our supercells. 45 After the replacement of a carbon atom by nitrogen we let the electrons ͑including the extra valence electron of the N atom͒ self-consistently relax to the new "ground state." The plane-wave components of the eigenstates were projected onto spherical harmonics inside the PAW spheres in order to obtain the projections ͗k , l ͉ a , m͘ that were used in Eq. ͑12͒ to calculate the Green functions. The radius of the spheres is 0.8 Å. The locally projected quantities g R , G R , V are 4 ϫ 4, matrices since the projections
From the first-principles scheme described above both the initial-and final-state spectra were calculated. The initialstate spectra were given by the estimate I i ͑͒ϳ͚ ij t i Im g ij R t j * . The final-state spectra I f ͑͒ were obtained in the same way using G R instead of g R . Figures 1͑a͒-1͑c͒ show the computed results of I i ͑͒ and I f ͑͒ for graphite, C 60 and SWCNTs respectively, together with the experimental spectra taken from Refs. 24, 34, and 28. In the SWCNT experiment the nanotubes in the sample had mixed chirality but a diameter of approximately 12 Å.
In the case of graphite the experimental spectrum was measured for x rays polarized in such a way that the electric field E is parallel to the plane of incidence and the x rays are incident at the angle of 45°to the graphite planes. 34 This configuration corresponds to t n ϳ 0,1, ͱ 2,1 for n = s , p 1 , p 0 , p −1 . Due to the high symmetry of the C 60 molecule all parameters t n can be set equal ͑except for t s = 0, since dipole selection prohibits this transition͒. The experimental spectrum of the SWCNTs were taken using a sample with randomly aligned nanotubes 28 and thus at t n were again set to be equal ͑except for t s =0͒ in the theoretical calculations of the spectrum.
In comparison with the experimental spectrum the computational initial-and final-state results, I
i ͑͒ and I f ͑͒, respectively, do not reproduce the shape and the intensity of the experimental spectrum, although we note that the curve I f ͑͒ describes roughly the correct peak positions. This observation holds both for graphite, C 60 , and the SWCNTs. Also, one should note that there are two ways to calculate the locally projected initial-state Green function which would be identical only for the complete orbital basis set. The first one is to use Eq. ͑12͒ with the projections made on a site without the core hole, and the second one is to use the inverse of Eq. ͑7͒ with Ṽ = 0. As it is shown in Fig. 1͑a͒ and Fig. 2 the difference between these two results for I i ͑͒ is small, which justifies our assumption that the basis set is sufficiently large to neglect Ṽ . This conclusion holds for the calculations of graphite, C 60 , and the SWCNTs. Figure 3 displays the XA spectrum for graphite calculated using Eq. ͑20͒. It is clearly seen that the positions of the * and 1 * peaks are reproduced very well by the theory. Of practical importance is the fact that the relative intensities of the * and 1 * peaks are drastically improved compared to the final-state spectrum ͓see Fig. 1͑a͔͒ . In Fig. 3 the theoretical curves have been broadened with a Gaussian of width 0.5 eV, to make the comparison with the experimental data more appropriate.
V. RESULTS FOR GRAPHITE
From Fig. 3 it may be seen that the spectral features labeled * and 1 * are reproduced well by our theory. However, the 2 * peak is not reproduced by the spectrum calculated using Eq. ͑20͒. We have taken into account the effects of dynamical screening of the core hole, using the MND theory, and in addition evaluated the final-state spectrum in the most accurate way, i.e., by a self-consistent, material specific method, with the inclusion of a core hole. We thus must conclude that the mechanism responsible for the 2 * peak is beyond the MND theory. In the concluding section of this paper this problem is analyzed in more detail. However, we do note that the present calculation is an improvement in comparison with completely static initial-or final-state calculations, which is a quite essential result. Figure 4 displays the spectrum for C 60 calculated using Eq. ͑20͒, and it is clearly seen that the positions of the t 1u , t 1g , and t 2h + h g peaks are reproduced very well by the theory. A comparison between the MND theory and the final-state FIG. 1. Theoretical and experimental XA spectra of graphite are displayed in ͑a͒. The experimental data ͑Ref. 34͒ are shown by diamonds. The solid line is the final-state spectrum. The dasheddotted line is the spectrum obtained from projections made on a site without a core hole ͑named initial state B͒. The dashed line is the spectrum obtained using the inverse of Eq. ͑7͒ with Ṽ = 0 ͑named initial state A͒. The theoretical and experimental XA spectra of C 60 are shown in ͑b͒. The circles are the experimental spectrum ͑Ref. 24͒. The full line is the spectrum obtained from projections made on a site with a core hole. The dashed line is the spectrum obtained using the inverse of Eq. ͑7͒ with Ṽ = 0. The theoretical and experimental XA spectra of the SWCNTs are shown in ͑c͒. The circles are the experimental spectrum ͑Ref. 28͒. The full and dashed-dotted lines are the spectra obtained from projections made on a site with a core hole for the semiconducting and metallic tubes, respectively. The dashed and the dotted lines are the spectra obtained using the inverse of Eq. ͑7͒ with Ṽ = 0 for the semiconducting and metallic tubes, respectively. For further details see the text. approximation ͓Fig. 1͑b͔͒ gives as the main difference that the relative intensities are better described with the MND theory. It is in particular the relative intensity between the t 1u and t 1g peaks that in the MND theory is drastically improved compared to the final-state calculations. The only inaccuracy one may observe from this theory is that the t 1g peak does not have quite correct intensity relative to the t 2h + h g peak.
VI. RESULTS FOR C 60
This effect can possibly be related to the fact that the Z +1 approximation does not correctly describe the shape of the core hole as shown in Ref. 36 , Fig. 2 . However, the feature at 4 eV above threshold is reproduced almost perfectly from the MND theory, whereas the final-state approximation produces a much too large intensity.
We also note here that even though we carefully converged our calculation with respect to the size of our basis set, the present calculation gives a final-state spectrum that is somewhat different than that presented in Ref. 36 . We speculate that a plausible reason is that the calculation in Ref. 36 uses different values of the dipole transition matrix elements t n . Figure 5 displays the XA spectra for a metallic ͑9,9͒ and a semiconducting ͑15,0͒ SWCNT calculated using Eq. ͑20͒. From Fig. 5 it is clear that the position of the * peak in the XA spectrum of a single SWCNT is strongly dependent on the chirality. The MND spectrum of the metallic nanotube has a peak at the threshold whereas the semiconducting nanotube has a peak 1 eV above the threshold. The experimental spectra in Fig. 5 are obtained using a sample where the chirality is not well defined but the distribution of diameters of the nanotubes in the sample is strongly peaked at 12 Å ͑Refs. 28 and 29͒, and that is, as mentioned, the diameter used in our calculations. Neither the theoretical spectra of the semiconducting or metallic nanotubes would alone be able to reproduce both the shape and the position of * and * peaks of the experimental spectrum. However, a superposition of the two theoretical spectra, which is also shown in Fig. 5 , agrees rather well with the experiment. We speculate that the peaks at 4, 9, and 10 eV that are only present in the theoretical spectrum would disappear if more SWCNTs with different chirality and a distribution of diameters close to 12 Å ͑the experimental situation͒ were included in the theoretical calculation of the spectrum.
VII. RESULTS FOR THE SWCNTS

VIII. CONCLUSIONS
We have shown that first-principles electronic structure calculations can be combined with multiband MND theory to a computational scheme that includes the dynamical response of the valence electrons to the creation of a core hole in the XA process. Our method has been compared with the commonly used final-state approximation and, in agreement with the final-state rule, 1 it was found that the peak positions of the spectra but not the spectral weights are given by the final-state density of states. However, we note that it is indeed the relative intensities between features with different symmetry ͑e.g., the * and * states of graphite and t 1u and t 1g states of C 60 ͒ that become drastically improved with the present method. We expect that it is for systems that in this sense are similar to graphite and C 60 , with several spectroscopic features with different symmetry, where the present approach will be especially useful.
The final-state approach considers the appearance of the core potential as an adiabatically slow process which can be justified only in the ladder approximation, 4 that is, only for insulators or semiconductors and only with an assumption that one can neglect the effect of the core hole on the occupied valence band. One can see from our results that the latter does not hold for carbon systems. The only assumption that is made when applying the MND theory together with first-principle calculations is that the formation of the corehole potential V is supposed to be an instant process. This means that we consider the effect of an instant shake-up process, that is, a creation of the hole, in a proper dynamic way. Formally speaking, the only not completely controllable assumption that is made is the adiabatic approximation for the exchange-correlation potential; that is, we do not use the rigorous time-dependent density functional method. Probably the theory should be further developed in this direction to overcome the small error that in the present approach exists compared to experiment.
We have also found that the XA spectrum of a SWCNT is sensible to the chirality of the tube and this suggests that XAS could be used as a chirality probe. Finally, our results show that for most of the components of the XA spectrum in graphite the MND theory works very successfully, and that only the 2 * peak appears to be completely screened very quickly so that it is described by the initial-state density of states, as was discussed in Ref. 19 . It should be noted that this peak has also been interpreted in experimental works to be the result of a delocalized excitation.
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